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THE ASCENT AND DESCENT OF WEIGHTED CONDITIONAL
EXPECTATION OPERATORS
Y. ESTAREMI
Abstract. In this paper we prove that the ascent and descent of a weighted
conditional expectation operator of the form of MwEMu on Lp-spaces under
some weak conditions are finite and less or equal to 2. Moreover, we give
some necessary and sufficient conditions for MwEMu to be power bounded.
In the sequel we apply some results in operator theory on ascent and descent
to MwEMu. Finally we find that T = MwEMu is Cesaro bounded if and only
if T̂ is Cesaro bounded.
1. Preliminaries and Introduction
Let X be a linear space and T : X −→ X be a linear operator with domain
D(T ) and range R(T ) in X . The null space of the iterates of T , T n, is denoted
by N (T n), and we know that the null spaces of T n’s form an increasing chain of
subspaces (0) = N (T 0) ⊂ N (T ) ⊂ N (T 2) ⊂ . . .. Also the ranges of iterates of
T form a nested chain of subspaces X = R(T 0) ⊃ R(T ) ⊃ R(T 2) ⊃ . . .. Note
that if N (T k) coincides with N (T k+1) for some k, it coincides with all N (T n) for
n > k. The smallest non-negative integer k such that N (T k) = N (T k+1) is called
the ascent of T and denotes by α(T ). If there is no such k, then we set α(T ) =∞.
Also if R(T k) = R(T k+1), for some non-negative integer k, then R(T n) = R(T k)
for all n > k. The smallest non-negative integer k such that R(T k) = R(T k+1)
is called descent of T and denotes by δ(T ). We set δ(T ) = ∞ when there is no
such k. When ascent and descent of an operator are finite, then they are equal and
the linear space X can be decomposed into the direct sum of the null and range
spaces of a suitable iterates of T . The ascent and descent of an operator can be
used to characterized when an operator can be broken into a nilpotent piece and
an invertible one; see, for example, [1, 12]. For some results on ascent and descent
of an operator in general setting see, for example, [13, 14].
The operator T is called power bounded if the norms of the powers T k, k ≥ 0,
are uniformly bounded (supk ‖T
k‖ <∞), and Cesaro bounded if the Cesaro means
An(T ) = n
−1
∑n−1
i=0 T
i are uniformly bounded.
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Let (X,F , µ) be a complete σ-finite measure space. All sets and functions state-
ments are to be interpreted as holding up to sets of measure zero. We denote the
collection of (equivalence classes modulo sets of zero measure of) F -measurable
complex-valued functions on X by L0(F). For a σ-subalgebra A of F , the condi-
tional expectation operator associated with A is the mapping f → EAf, defined for
all non-negative function f as well as for all f ∈ Lp(F) = Lp(X,F , µ), 1 ≤ p ≤ ∞,
where EAf is the unique A-measurable function satisfying
∫
A
(EAf)dµ =
∫
A
fdµ ∀A ∈ A.
We will often write E for EA. This operator will play a major role in our work and
we list here some of its useful properties:
• If g is A-measurable, then E(fg) = E(f)g.
• If f ≥ 0, then E(f) ≥ 0; if E(|f |) = 0, then f = 0.
• |E(fg)| ≤ (E(|f |p))
1
p (E(|g|p
′
))
1
p′ ; p−1 + p′−1 = 1.
• For each f ≥ 0, S(E(f)) is the smallest A-set containing S(f), where S(f) =
{x ∈ X : f(x) 6= 0}.
A detailed discussion and verification of most of these properties may be found in
[11]. We are concerned here with linear operators acting on Lp(F). We continue our
investigations about the class of bounded linear operators on the Lp-spaces having
the formMwEMu, where E is the conditional expectation operator,Mw andMu are
(possibly unbounded) multiplication operators and it is called weighted conditional
expectation operator (WCE operator). Our interest in WCE operators stems from
the fact that such forms tend to appear often in the study of those operators
related to conditional expectation. WCE operators appeared in [2], where it is
shown that every contractive projection on certain L1-spaces can be decomposed
into an operator of the form MwEMu and a nilpotent operator. For more strong
results about WCE operators one can see [3, 8, 9, 10], in these papers one can see
that a large classes of operators are of the form of WCE operators.
In this paper we consider weighted conditional expectation operators of the form of
MwEMu on L
p(F) and we find some results about the ascent and descent of these
operators.
2. Main Results
In this section first we give the definition of weighted conditional expectation
operators on Lp-spaces.
Definition 2.1. Let (X,F , µ) be a σ-finite measure space and let A be a σ-
subalgebra of F such that (X,A, µA) is also σ-finite. Let E be the conditional
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expectation operator relative to A. If 1 ≤ p, q ≤ ∞ and u,w ∈ L0(F) such that
uf is conditionable and wE(uf) ∈ Lq(F) for all f ∈ D ⊆ Lp(F), where D is a lin-
ear subspace, then the corresponding weighted conditional expectation (or briefly
WCE) operator is the linear transformation MwEMu : D → Lq(F) defined by
f ֌ wE(uf).
As was proved in [6], the WCE operator MwEMu on L
p(F) is bounded if and
only if (E(|u|p
′
))
1
p′ (E(|w|p))
1
p ∈ L∞(A), where 1
p
+ 1
p′
= 1. AlsoMwEMu on L
1(F)
is bounded if and only if uE(|w|) ∈ L∞(F). Here we give a formula for n-powers
of the WCE operator T = MwEMu in the next lemma. The proof is omitted and
it’s an easy exercise.
Lemma 2.2. Let n ∈ N and T = MwEMu be a bounded operator on Lp(F). Then
we have
T n = M(E(uw))n−1MwEMu.
Hence by using Lemma 2.2 we get the Cesaro mean for bounded WCE operator
T =MwEMu on L
p(F) as follows:
An(T ) = n
−1(I +MvnT ), ∀n ∈ N \ {1}
and A1(T ) = I, in which vn =
∑n−2
i=0 E(uw)
i.
From now on we assume that T = MwEMu is a bounded operator on L
p(F).
Theorem 2.3. For T = MwEMu we have
N (T 2) = N (T n+2),
for all n ∈ N. Moreover, α(T ) ≤ 2.
Proof. Let f ∈ Lp(F). Then we have
T 2(f) = E(uw)T (f) = 0⇔ S(E(uw)) ∩ S(Tf) = ∅
Also,
T n+2(f) = E(uw)n+1T (f) = 0⇔ S(E(uw)n+1) ∩ S(Tf) = ∅.
Since S(E(uw)) = S(E(uw)n+1), then we get that N (T 2) = N (T n+2).

In the next theorem we decompose Lp(F) as a direct sum of two its closed
subspaces under some weak conditions.
Theorem 2.4. If there exists an n > 2 such that R(ME(uw)n−1T ) is closed or
R(ME(uw)n−2T ) + N (T ) is closed or R(ME(uw)n−3T ) + N (ME(uw)T ) is closed,
then we have the followings:
a) R(ME(uw)n−1T is closed for all n ≥ 2 and R(ME(uw)j−1T )+N (ME(uw)k−1T ) is
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closed for all j + k ≥ 2.
b) Lp(F) = R(ME(uw)T )⊕N (ME(uw)T ).
Proof. a) Since we have T n = ME(uw)n−1T and N (T
2) = N (T n+2) for all n ∈ N
by the Lemma 2.2 and Theorem 2.3, respectively, then by the theorem 2.1 of [7] we
get the proof.
b) Since for T = MwEMu we have α(T ) = α(T
∗) ≤ 2 and α(T ) = δ(T ∗), then we
have the result. 
Here we find some necessary and sufficient conditions for T = MwEMu to be
power bounded .
Theorem 2.5. For T = MwEMu ∈ B(Lp(F)) we have the followings:
a) The sequence {‖E(uw)n‖∞}n∈N is uniformly bounded if and only if ‖E(uw)‖∞ ≤
1.
b) T is power bounded if and only if |E(wu)| < 1 on S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ).
Proof. a) Since ‖E(uw)n‖∞ = ‖E(uw)‖n∞, then clearly we have that the sequence
{‖E(uw)n‖∞}n∈N is uniformly bounded if and only if ‖E(uw)‖∞ ≤ 1.
b) Let |E(wu)| < 1 on S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ). Since S(E(uw)) ⊆ S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ),
then |E(wu)| < 1 onX . Hence ‖E(w)‖∞ ≤ 1 and so the sequence {‖E(uw)n‖∞}n∈N
is uniformly bounded. Therefore there exists C > 0 such that ‖E(uw)n‖∞ < C, for
all n ∈ N. Moreover, by Lemma 2.2 we have T n = ME(uw)n−1T . Hence for every
f ∈ Lp(F) and n ∈ N we have
‖T nf‖p = ‖E(uw)
n−1T (f)‖p ≤ ‖E(uw)
n−1‖∞‖T ‖‖f‖p ≤ C‖T ‖‖f‖p.
This means that T is power bounded.
Conversely, let T be power bounded. Then we can find C > 0 such that ‖M(E(uw))n−1T ‖ ≤
C, for all n ∈ N. We know that S(Tf) ⊆ S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ) and S(E(uw)) ⊆
S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ). Suppose that there exists A ∈ F with µ(A) > 0 such
that |E(uw)| > 1 on A. Then ‖E(uw)‖∞ > 1 and so ‖(E(uw))n‖∞ → ∞. In this
caseM(E(uw))n−1T is bounded if and only if T = 0. So if T 6= 0, then we get a contra-
diction. Therefore we should have |E(wu)| < 1 on S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ). 
In the next theorem we give some weak conditions for T =MwEMu under which
it has finite descent.
Theorem 2.6. Consider T = MwEMu on L
p(F) and suppose that E(uw) is
bounded away from zero i.e, there exists some C > 0 such that µ({x ∈ X :
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E(uw)(x) ≤ C}) = 0. Then we have
R(T 2) = R(T n+2)
for all n ∈ N.
Proof. Let g ∈ R(T 2) i,e T 2f = g for f ∈ Lp(F) and G = S(E(uw). Since T is
bounded, then (E(|w|p))
1
p (E(|u|q))
1
q ∈ L∞(A). Hence by conditional type Holder
inequality we get that E(uw) ∈ L∞(A). Therefore we will have
g = E(uw)T (f)
= E(uw)n+1E(uw)−nχGT (f)
= E(uw)n+1T (E(uw)−nχGf)
= T n+2(E(uw)−nχGf).
Since E(uw) is bounded away from zero, then we get that E(uw)−nχGf ∈ Lp(F).
And so g ∈ R(T n+2). 
Corollary 2.7. For the bounded operator T =MwEMu on L
p(F) we have Ascent(T ) ≤
2 and if E(uw) is bounded away from zero, then δ(T ) ≤ 2.
Corollary 2.8. For T =MwEMu on L
p(F) the followings hold:
(1) R(T 2) ∩ N (T n+2) = {0}, for all n ∈ N.
(2) If E(uw) is bounded away from zero, then R(T n+2) +N (T 2) = Lp(F), for
all n ∈ N.
Corollary 2.9. Let |E(wu)| < 1 on S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ) and T = MwEMu
on Lp(F) for 1 < p <∞. Then α(I − T ) ≤ 1 and α(I − T ∗) ≤ 1.
Proof. By using Theorem 2.5 we get that T is power bounded. And so by the
Lemma 3.1 and Theorem 3.2 of [7] we get the result. 
In the sequel we find that the range and kernel of T 2 are quasi complements in
Lp(F) under some weak conditions.
Theorem 2.10. If T = MwEMu and R(T
2) is closed, then R(T 2) and N (T 2) are
quasi-complements, it means that R(T 2)∩N (T 2) = 0 and R(T 2)+N (T 2) is dense
in Lp(F).
Proof. By Theorem 2.3 we have that α(T ) = α(T ∗) ≤ 2. Therefore by Theorem
4.1 of [7] we get that R(T 2) and N (T 2) are quasi-complements. 
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By using some results of [7] for the power bounded operator T = MwEMu we
can write Lp(F) as the direct some of two closed subspaces.
Proposition 2.11. If |E(wu)| < 1 on S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ) and R(I − T ) is
closed, then Lp(F) = R(I − T )⊕N (I − T ).
Proof. If the sequence {‖E(uw)n‖|∞}n∈N is uniformly bounded, then n
−1ME(uw)n−1Tf →
0 for every f ∈ Lp(F). Hence by Theorem 4.4 of [7] we get the proof. 
We know that the spectral radius of T is equal to ‖E(uw)‖∞ [5]. So if we assume
‖E(uw)‖∞ ≤ 1, then we have (I −T )−1 = limn→∞(I +MvnT ). Moreover, we have
computed the inverse (I − T )−1 for T +MwEMu in [4]. Here we have a formula
for (I − T )−1 under some weaker conditions.
Remark 2.12. Let |E(wu)| < 1 on S((E(|w|p))
1
p (E(|u|p
′
))
1
p′ ) and T = MwEMu .
Then R(I − T ) = Lp(F) and equivalently we have the followings:
(i) R(I − T ) = Lp(F);
(ii) I − T is invertible;
(iii) {‖(I−T )−1( (n−1)I−MvnT
n
)‖}n∈N = {‖n−1(MwnT +(n−1)I)‖}n∈N is bounded;
(iv) {(I − T )−1(
(n−1)I−MvnT
n
)(f)}n∈N = {n−1(MwnTf + (n − 1)f)}n∈N converges
for all f ∈ Lp(F). In which wn =
∑n−2
i=1 (n− i− 1)E(uw)
i−1.
In this case, n−1(MwnTf + (n− 1)f)→ (I − T )
−1(f) for all f ∈ Lp(F).
(v) An(T )(f) converges to a T -invariant limit for all f ∈ Lp(F).
Proof. By our assumption we get that T is power bounded and so for every f ∈
Lp(F) we have An(T )(f)→ 0. As is defined in [7] Bn(T ) = n
−1(T n−2 + 2T n−3 +
....+ (n− 2)T + (n− 1)I). we have it for T =MwEMu as follows:
Bn(T ) = n
−1(MwnT + (n− 1)I),
in which wn =
∑n−2
i=1 (n − i − 1)E(uw)
i−1. Therefore by Proposition 4.5 of [7]
we have the proof of (i)-(iv). Since {‖E(uw)n‖∞}n∈N is uniformly bounded, then
T = MwEMu is power bounded. Also the closure of a norm bounded subset of
Lp(F) is weakly compact. Hence it’s weakly sequentially compact. Then we have
(v). 
Here we recall a fundamental lemma in operator theory.
Lemma 2.13. Let T be a bounded operator on the Hilbert space H and λ ≥ 0.
Then we have
‖λI + T ∗T ‖ = λ+ ‖T ∗T ‖ = λ+ ‖T ‖2.
Specially, if T is a positive operator, then ‖λI + T ‖ = λ+ ‖T ‖.
Proof. It is an easy exercise. 
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If we set u = w¯, then T = MwEMu is positive on L
2(F) and so An(T ) =
n−1(I + MvnMwEMw¯) is positive too, in which vn =
∑n−2
i=0 E(|w|
2)i. By using
the Lemma 2.13 we get that ‖An(T )‖ = n−1(1 + ‖vnE(|w|2)‖∞). So T is Cesaro
bounded if and only if the sequence {n−1‖vnE(|w|2)‖∞}n∈N is uniformly bounded.
One can see the paper [6] for more information about T = MwEMu. For instance
we have the Aluthge transformation of T =MwEMu on L
2(F) as follow:
T̂ (f) =
χSE(uw)
E(|u|2)
u¯E(uf), f ∈ L2(Σ),
in which S is the support of E(|u|2). Therefore the Aluthge transformation of T is
a weighted conditional expectation operator T̂ =MvEMu, in which v =
χSE(uw)
E(|u|2) u¯.
Hence we have ‖T̂‖ = ‖E(uw)‖∞, E(uv) = E(uw) and T̂ n = MχSE(uw)n
E(|u|2)
Mu¯EMu.
In addition we have ‖T̂ n‖ = ‖E(uw)n‖∞ and vn =
∑n−2
i=0 E(
χSE(uw)
n
E(|u|2) u¯u)
i =∑n−2
i=0 E(uw)
i. By these observations we have the next theorem.
Theorem 2.14. For the bounded operator T = MwEMu with w, u ≥ 0, the follow-
ings are equivalent:
a) T is Cesaro bounded.
b) T̂ is Cesaro bounded.
c) The sequence {n−1‖vn‖∞}n∈N is uniformly bounded.
d) The sequence {n−1‖vn(E(|w|2))
1
2 (E(|w|2))
1
2 ‖∞}n∈N is uniformly bounded.
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